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Abstract. In this paper we establish Minkowski inequality and Brunn–Minkowski
inequality for p-quermassintegral differences of convex bodies. Further, we give
Minkowski inequality and Brunn–Minkowski inequality for quermassintegral differ-
ences of mixed projection bodies.
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1. Introduction
The well-known classical Brunn–Minkowski inequality can be stated as follows:
If K and L are convex bodies in Rn, then
V (K +L)1/n ≥V (K)1/n +V(L)1/n, (1)
with equality if and only if K and L are homothetic.
The Brunn–Minkowski inequality, has in recent decades, dramatically extended its
influence in many areas of mathematics. Various applications have surfaced, for example,
to probability and multivariate statistics, shape of crystals, geometric tomography, elliptic
partial differential equations, and combinatorics (see [1,5,9,10,17]). Several remarkable
analogs have been established in other areas, such as potential theory and algebraic geom-
etry (see [3,4,6,7,12,16]). Reverse forms and similar forms of the inequality are impor-
tant in the local theory of Banach space (see [17,18,20,21,22]). An elegant survey on this
inequality is provided by Gardner (see [11]).
In fact, let K and L be convex bodies in Rn and let 0≤ i≤ n−1. The Brunn–Minkowski
inequality for quermassintegral is the following inequality [11]:
Wi(K +L)1/(n−i) ≥Wi(K)1/(n−i)+Wi(L)1/(n−i) (2)
with equality if and only if K and L are homothetic.
Recently, i-quermassintegral difference function was defined by Leng [13] as follows:
Dwi(K,D) =Wi(K)−Wi(D), K,D ∈K n, D ⊂ K and 0 ≤ i ≤ n−1.
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Moreover, inequality (2) was extended to quermassintegral differences of convex bod-
ies as follows [13]:
Theorem A. If K,L, and D are convex bodies in Rn, D ⊂ K and D′ is a homothetic copy
of D, then
Dwi(K +L,D+D′)1/(n−i) ≥ Dwi(K,D)1/(n−i)+Dwi(L,D′)1/(n−i), (3)
with equality for 0≤ i< n−1 if and only if K and L are homothetic and (Wi(K),Wi(D)) =
µ(Wi(L),Wi(D′)), where µ is a constant.
In [8], Firey introduced, for each real p≥ 1, new linear combinations of convex bodies:
For K,L ∈K n, and λ ,µ ≥ 0 (both are not zero), the Firey combination, λ ·K+p µ ·L, is a
convex body. The main aim of this paper is to establish the Brunn–Minkowski inequality
for quermassintegral differences about the Firey combination, which is an extension of
the inequality (3).
Theorem 1. If K,L, and D are convex bodies in Rn, D ⊂ K and D′ is a homothetic copy
of D, then for p ≥ 1,
Dwi(K+p L,D+p D′)p/(n−i) ≥ Dwi(K,D)p/(n−i)+Dwi(L,D′)p/(n−i), (4)
with equality for 0 ≤ i < n− p if and only if K and L are homothetic (p = 1) (or are
dilates (p > 1)) and (Wi(K),Wi(D)) = µ(Wi(L),Wi(D′)), where µ is a constant.
For two convex bodies K and L, an important inequality of mixed volume is the well-
known Minkowski inequality
V1(K,L)n ≥V (K)n−1V (L),
with equality if and only if K and L are homothetic.
In 1984, the inequality was extended to compact domains by Zhang [19] as
follows:
Theorem B. If K is a compact domain with piecewise C1 boundary ∂K, and L is a convex
body in Rn, then
V1(K,L)n ≥V (K)n−1V (L), (5)
with equality if and only if K and L are homothetic.
Recently, inequality (5) was extended to volume differences by Leng [13] as follows:
Theorem C. Suppose that K and D are compact domains, L is a convex body, and D ⊂
K,D′ ⊂ L and D′ is a homothetic copy of D. Then
(V1(K,L)−V1(D,D′))n ≥ Dv(K,D)n−1Dv(L,D′), (6)
with equality if and only if K and L are homothetic and (V (K),V (D)) = µ(V (L),V (D′)),
where µ is a constant.
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In [14], Lutwak introduced the mixed p-quermassintegrals Wp,0(K,L), Wp,1(K,L), . . . ,
Wp,n−1(K,L), for K,L ∈ K n, and real number p ≥ 1. The next aim of this paper is
to establish the Minkowski inequality for mixed p-quermassintegral differences of con-
vex bodies. A new generalization of the classical Minkowski inequality is presented as
follows:
Theorem 2. Let K,L, and D be convex bodies in Rn and D ⊂ K, D′ ⊂ L and D′ be a
homothetic copy of D. Then for p ≥ 1,
(Wp,i(K,L)−Wp,i(D,D′))n−i ≥ Dwi(K,D)n−i−pDwi(L,D)p, (7)
with equality for 0 ≤ i < n− p if and only if K and L are homothetic (p = 1) (or are
dilates (p > 1)) and (Wi(K),Wi(D)) = µ(Wi(L),Wi(D′)), where µ is a constant.
On the other hand, we establish Minkowski inequality and Brunn–Minkowski inequal-
ity for quermassintegral differences of mixed projection bodies, respectively. which are
extensions of Lutwak’s results [15].
Theorem 3. Let K,L, and D be convex bodies in Rn, D ⊂ K and D′ a homothetic copy of
D. Then for 0 ≤ j < n− 2,
Dwi(Π j(K +L),Π j(D+D′))1/(n−i)(n− j−1)
≥ Dwi(Π jK,Π jD)1/(n−i)(n− j−1)+Dwi(Π jL,Π jD′)1/(n−i)(n− j−1),
(8)
with equality for 0≤ i< n−1 if and only if K and L are homothetic and (Wi(K),Wi(D)) =
µ(Wi(L),Wi(D′)), where µ is a constant.
Theorem 4. Let K,L, and D be convex bodies in Rn, D ⊂ K, D′ be a homothetic copy of
D, and 0 ≤ j < n− 1. Then
Dwi(Π j(K,L),Π j(D,D′))n−1 ≥ Dwi(ΠK,ΠD)n− j−1Dwi(ΠL,ΠD′) j, (9)
with equality for 0 ≤ i < n− 1 if and only if K and L are homothetic.
The above interrelated notations, definitions and background materials are given in §2.
2. Definitions and preliminaries
The setting for this paper is the n-dimensional Euclidean space Rn(n> 2). Let K n denote
the set of convex bodies (compact, convex subsets with non-empty interiors) in Rn.
Firey [8] introduced, for each real p ≥ 1, new linear combinations of convex bodies:
For K,L ∈K n, and λ ,µ ≥ 0 (both are not zero), the Firey combination, λ ·K +p µ ·L, is
a convex body whose support function is defined by
h(λ ·K +p µ ·L, ·)p = λ h(K, ·)p + µh(L, ·)p.
Obviously, α ·K = α1/pK.
224 Zhao Changjian and Wingsum Cheung
The mixed quermassintegral W0(K,L),W1(K,L), . . . ,Wn−1(K,L) of K,L ∈ K n are
defined by
(n− i)Wi(K,L) = lim
ε→0
Wi(K + εL)−Wi(K)
ε
, (10)
where
Wi(K,L) =V (K, . . . ,K︸ ︷︷ ︸
n−i−1
,B, . . . ,B︸ ︷︷ ︸
i
,L).
The mixed p-quermassintegrals Wp,0(K,L),Wp,1(K,L), . . . ,Wp,n−1(K,L), for K,L ∈
K n, and real p ≥ 1, are defined by [14]
n− i
p
Wp,i(K,L) = lim
ε→0
Wi(K +p ε ·L)−Wi(K)
ε
. (11)
Of course for p = 1, the mixed p-quermassintegral Wp,i(K,L) is just Wi(K,L). Obvi-
ously, Wp,i(K,K) =Wi(K), for all p ≥ 1.
If K1, . . . ,Kr ∈K n and λ1, . . . ,λr ≥ 0, then the projection body of the Minkowski lin-
ear combination λ1K1 + · · ·+ λrKr ∈ K n can be written as a symmetric homogeneous
polynomial of degree (n− 1) in λi [15]:
Π(λ1K1 + · · ·+λrKr) = ∑λi1 . . .λin−1Πi1···in−1 , (12)
where the sum is a Minkowski sum taken over all (n− 1)-tuples (i1, . . . , in−1) of positive
integers not exceeding r. The body Πi1...in−1 depends only on the bodies Ki1 , . . . ,Kin−1 , and
is uniquely determined by (12). It is called the mixed projection bodies of Ki1 , . . . ,Kin−1 ,
and is written as Π(Ki, . . . ,Kin−1). If K1 = · · · = Kn−1−i = K and Kn−i = · · · = Kn−1 = L,
then Π(Ki1 , . . . ,Kin−1) will be written as Πi(K,L). If L = B, then Πi(K,L) is denoted by
ΠiK and when i = 0, ΠiK is denoted by ΠK.
3. Some lemmas
The following results will be required to prove our main theorems.
Lemma 1. [14]. If p ≥ 1, and K,L ∈K n, when 0 ≤ i < n, then
Wi(K +p L)p/(n−i) ≥Wi(K)p/(n−i)+Wi(L)p/(n−i), (13)
for p > 1 with equality if and only if K and L are dilates; for p = 1 with equality if and
only if K and L are homothetic.
Wp,i(K,L)n−i ≥Wi(K)n−i−pWi(L)p (14)
for p > 1 with equality if and only if K and L are dilates; for p = 1 with equality if and
only if K and L are homothetic.
Lemma 2. [15]. If K,L ∈K n, and 0 ≤ i < n, then
Wi(Π j(K +L))1/(n−i)(n− j−i)
≥Wi(Π jK)1/(n−i)(n− j−1)+Wi(Π jL)1/(n−i)(n− j−1), (15)
with equality if and only if K and L are homothetic.
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Wi(Π j(K,L))n−1 ≥Wi(ΠK)n− j−1Wi(ΠL) j, (16)
with equality if and only if K and L are homothetic.
Lemma 3. [2] (the Bellman’s inequality). Let a= {a1, . . . ,an} and b= {b1, . . . ,bn} be two
series of positive real numbers and p> 1 such that ap1 −∑ni=2 api > 0 and bp1 −∑ni=2 bpi > 0.
Then (
a
p
1 −
n
∑
i=2
a
p
i
)1/p
+
(
bp1 −
n
∑
i=2
bpi
)1/p
≤
(
(a1 + b1)p−
n
∑
i=2
(ai + bi)p
)1/p
(17)
with equality if and only if a = υb where υ is a constant.
Lemma 4. If a,b,c,d > 0,0 < α < 1,0 < β < 1 and α +β = 1. Let a > b and c > d, then
aαcβ − bαdβ ≥ (a− b)α(c− d)β , (18)
with equality if and only if a/b = c/d.
Proof. Consider the following function
f (x) = xα cβ − (x− b)α(c− d)β , x > 0.
Let
f ′(x) = αcβ xα−1−α(c− d)β (x− b)α−1 = 0.
We get x = bc/d.
On the other hand, if x ∈ (0, bcd ), then f ′(x)< 0; if x ∈ ( bcd ,+∞), then f ′(x)> 0, and it
follows that
min
x>0
{ f (x)} = f
(
bc
d
)
= bα dβ .
This completes the proof. ✷
4. Inequalities for mixed p-quermassintegral differences of convex bodies
Theorem 1. If K,L, and D are convex bodies in Rn, D ⊂ K and D′ is a homothetic copy
of D, then for p ≥ 1,
Dwi(K+p L,D+p D′)p/(n−i) ≥ Dwi(K,D)p/(n−i)+Dwi(L,D′)p/(n−i), (19)
with equality for 0 ≤ i < n− p if and only if K and L are homothetic (p = 1) (or are
dilates (p > 1)) and (Wi(K),Wi(D)) = µ(Wi(L),Wi(D′)), where µ is a constant.
Using inequality (13) and in view of the Bellman’s inequality, we get the above Brunn–
Minkowski inequality for quermassintegral differences of the Firey combination.
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Taking p = 1 in inequality (19), the inequality (19) changes to inequality (3).
In the following, we will prove the Minkowski inequality for mixed p-quermassintegral
differences of convex bodies.
Theorem 2. If K,L and D are convex bodies in Rn, D⊂K,D′ ⊂ L and D′ is a homothetic
copy of D, then for p ≥ 1,
(Wp,i(K,L)−Wp,i(D,D′))n−i ≥ Dwi(K,D)n−i−pDwi(L,D)p, (20)
with equality for 0 ≤ i < n− p if and only if K and L are homothetic (p = 1) (or are
dilates (p > 1)) and (Wi(K),Wi(D)) = µ(Wi(L),Wi(D′)), where µ is a constant.
Proof. From inequality (14), we have
Wp,i(K,L)n−i ≥Wi(K)n−i−pWi(L)p, (21)
for p > 1 with equality if and only if K and L are dilates; for p = 1 with equality if and
only if K and L are homothetic and
Wp,i(D,D′)n−i =Wi(D)n−i−pWi(D′)p.
Hence,
Wp,i(K,L)−Wp,i(D,D′)≥Wi(K)(n−i−p)/(n−i)Wi(L)p/(n−i)
−Wi(D)(n−i−p)/(n−i)Wi(D′)p/(n−i).
On the other hand, in view of inequality (18), we have
Wi(K)(n−i−p)/(n−i)Wi(L)p/(n−i)−Wi(D)(n−i−p)/(n−i)Wi(D′)p/(n−i)
≥ (Wi(K)−Wi(D))(n−i−p)/(n−i)(Wi(L)−Wi(D′)p/(n−i), (21′)
with equality if and only if Wi(K)/Wi(D) =Wi(L)/Wi(D′).
Thus,
Wp,i(K,L)−Wp,i(D,D′)≥ Dwi(K,D)(n−i−p)/(n−i)Dwi(L,D)p/(n−i).
Combining equality conditions of inequalities (21) and (21′), it shows that the equality
holds for 0 ≤ i < n− p if and only if K and L are homothetic (p = 1) (or are dilates
(p > 1)) and (Wi(K),Wi(D)) = µ(Wi(L),Wi(D′)), where µ is a constant.
The proof is complete. ✷
Taking p = 1 in inequality (20), we get the following result.
COROLLARY 1.
Suppose that K,L and D are convex bodies, and D ⊂ K,D′ ⊂ L,D′ is a homothetic copy
of D. Then
(Wi(K,L)−Wi(D,D′))n−i ≥ Dwi(K,D)n−i−1Dwi(L,D), (22)
with equality for 0≤ i< n−1 if and only if K and L are homothetic and (Wi(K),Wi(D)) =
µ(Wi(L),Wi(D′)), where µ is a constant.
Taking i = 0 in (22), it changes to inequality (6).
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Remark 1. Let p = 1, i = 0, and D, D′ be a single point in (20). Then (20) reduces to the
classical Minkowski inequality. Hence, (20) is a generalization of the classical Minkowski
inequality.
5. Inequalities for quermassintegral differences of mixed projection bodies
In this section, we first establish the Brunn–Minkowski inequality for quermassintegral
differences of mixed projection bodies as follows:
Theorem 3. Let K,L, and D be convex bodies in Rn, D ⊂ K and D′ a homothetic copy of
D. Then for 0 ≤ j < n− 2,
Dwi(Π j(K +L),Π j(D+D′))1/(n−i)(n− j−1)
≥ Dwi(Π jK,Π jD)1/(n−i)(n− j−1)+Dwi(Π jL,Π jD′)1/(n−i)(n− j−1),
(23)
with equality for 0≤ i< n−1 if and only if K and L are homothetic and (Wi(K),Wi(D)) =
µ(Wi(L),Wi(D′)), where µ is a constant.
Proof. Applying inequality (15), we have
Wi(Π j(K +L))1/(n−i)(n− j−1)
≥Wi(Π jK)1/(n−i)(n− j−1)+Wi(Π jL)1/(n−i)(n− j−1), (24)
with equality if and only if K and L are homothetic.
Wi(Π j(D+D′))1/(n−i)(n− j−1)
=Wi(Π jD)1/(n−i)(n− j−1)+Wi(Π jD′)1/(n−i)(n− j−1). (25)
From (24) and (25), we obtain that
Dwi(Π j(K +L),Π j(D+D′))
≥ [Wi(Π jK)1/(n−i)(n− j−1)+Wi(Π jL)1/(n−i)(n− j−1)](n−i)(n− j−1)
− [Wi(Π jD)1/(n−i)(n− j−1)+Wi(Π jD′)1/(n−i)(n− j−1)](n−i)(n− j−1). (26)
From (26) and in view of the Bellman’s inequality,
Dwi(Π j(K +L),Π j(D+D′))1/(n−i)(n− j−1)
≥ (Wi(Π jK)−Wi(Π jD))1/(n−i)(n− j−1)
+(Wi(Π jL)−Wi(Π jD′))1/(n−i)(n− j−1).
This completes the proof. ✷
Taking i = 0, j = 0 in inequality (23), we obtain the following result.
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COROLLARY 2.
Let K,L, and D be convex bodies in Rn, D ⊂ K and D′ is a homothetic copy of D. Then
Dv(Π(K +L),Π(D+D′))1/n(n−1)
≥ Dv(ΠK,ΠD)1/n(n−1)+Dv(ΠL,ΠD′)1/n(n−1) (27)
with equality if and only if K and L are homothetic and V ((K),V (D)) = µ(V (L),V (D′)),
where µ is a constant.
This is just a projection form of ‘Theorem 1’ which was given by Leng [13].
Remark 2. Let D and D′ be a single point in (23). Then (23) changes to (16). This shows
that (23) is a generalization of the Brunn–Minkowski inequality for mixed projection
bodies.
In the following, we establish the Minkowski inequality for quermassintegral differ-
ences of mixed projection bodies.
Theorem 4. Let K,L, and D be convex bodies in Rn, D ⊂ K, D′ is a homothetic copy of
D, and 0 ≤ j < n− 1. Then
Dwi(Π j(K,L),Π j(D,D′))n−1 ≥ Dwi(ΠK,ΠD)n− j−1Dwi(ΠL,ΠD′) j, (28)
with equality for 0≤ i< n−1 if and only if K and L are homothetic and (Wi(K),Wi(D)) =
µ(Wi(L),Wi(D′)) where µ is a constant.
Proof. Applying inequality (16), we have
Wi(Π j(K,L))≥Wi(ΠK)(n− j−1)/(n−1)Wi(ΠL) j/(n−1),
with equality if and only if K and L are homothetic.
Wi(Π j(D,D′)) =Wi(ΠD)(n− j−1)/(n−1)Wi(ΠD′) j/(n−1).
Hence, from inequality (18) in Lemma 4, we obtain that
Dwi(Π j(K,L),Π j(D,D′))
≥Wi(ΠK)(n− j−1)/(n−1)Wi(ΠL) j/(n−1)
−Wi(ΠD)(n− j−1)/(n−1)Wi(ΠD′) j/(n−1)
≥ (Wi(ΠK)−Wi(ΠD))(n− j−1)/(n−1)(Wi(ΠL)−Wi(ΠD′)) j/(n−1).
The proof is complete. ✷
Taking i = 0, j = 1 in inequality (28), inequality (28) changes to the following result.
COROLLARY 3.
Let K,L, and D be convex bodies in Rn, D ⊂ K and D′ a homothetic copy of D. Then
Dv(Π1(K,L),Π1(D,D′))n−1 ≥ Dv(ΠK,ΠD)n−2Dv(ΠL,ΠD′), (29)
with equality for 0≤ i < n−1 if and only if K and L are homothetic and (V (K),V (D)) =
µ(V (L),V (D′)) where µ is a constant.
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This is just a projection form of inequality (6).
Remark 3. Let D, D′ be a single point in (29). Then (29) changes to the following inequal-
ity:
If K,L ∈K n, then
V (Π1(K,L))n−1 ≥V (ΠK)n−2V (ΠL)
with equality if and only if K and L are homothetic.
This is just the Minkowski inequality for mixed projection bodies which was given by
Lutwak [15].
6. Two open problems
In the following, we pose two open problems:
Problem 1. Let Ki, i = 1,2, . . . ,n and Di, i = 1,2, . . . ,n be convex bodies in Rn, Di ⊂ Ki
and D′i a homothetic copy of Di, i = 1,2, . . . ,n, respectively. Then for 0 ≤ r ≤ n,
(V (K1, . . . ,Kn)−V(D1, . . . ,Dn))r
≥
r
∏
j=1
(V (K j, . . . ,K j︸ ︷︷ ︸
r
,Kr+1, . . . ,Kn)−V (D j, . . . ,D j︸ ︷︷ ︸
r
,Dr+1, . . . ,Dn)).
(30)
Remark 4. In (30), taking r = n, we obtain that
(V (K1, . . . ,Kn)−V(D1, . . . ,Dn))n ≥
n
∏
j=1
(V (K j)−V(D j)). (31)
Taking K1 = · · · = Kn−1 = K,Kn = L,D1 = · · · = Dn−1 = D,Dn = D′ in (31), inequality
(31) changes to
(V1(K,L)−V1(D,D′))n ≥ Dv(K,D)n−1Dv(L,D′).
This is just inequality (6).
On the other hand, let D and D′ be a single point in (30). Then (30) changes to the
well-known Aleksandrov–Fenchel inequality.
Problem 2. Let Ki, i = 1, . . . ,n−1 and Di, i = 1, . . . ,n−1 be convex bodies in Rn, Di ⊂Ki
and D′i, i = 1, . . . ,n− 1 a homothetic copy of Di, respectively. Then for 0 ≤ r ≤ n− 1,
Dv(Π(K1, . . . ,Kn−1),Π(D1, . . . ,Dn−1))r
≥
r
∏
j=1
Dv(Π(K j, . . . ,K j︸ ︷︷ ︸
r
,Kr+1, . . . ,Kn),Π(D j, . . . ,D j︸ ︷︷ ︸
r
,Dr+1, . . . ,Dn)). (32)
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Remark 5. In (32), taking r = n− 1, we obtain that
Dv(Π(K1, . . . ,Kn−1),Π(D1, . . . ,Dn−1))n−1 ≥
n−1
∏
j=1
Dv(ΠK j,ΠD j). (33)
Taking K1 = · · ·= Kn−2 =K,Kn−1 = L,D1 = · · ·=Dn−2 =D,Dn−1 = D′ in (33), inequal-
ity (33) changes to
Dv(Π1(K,L),Π1(D,D′))n ≥ Dv(Π(K,D))n−1Dv(Π(L,D′)). (34)
This is just inequality (29) which is proved in this paper.
On the other hand, let D and D′ be a single point in (32). Then (32) changes to the well-
known Aleksandrov–Fenchel inequality for mixed projection bodies which was given by
Lutwak [15].
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